Introduction to PID Controllers -Theory, Tuning and Application to Frontier Areas 134 are basically two approaches to solve the respective nonconvex control problem: 1) to reformulate the problem as LMI using certain convex relaxations (e.g. deOliveira et al., 2000; or, alternatively, adopt an iterative procedure; 2) to formulate and solve the bilinear matrix inequalities (BMI) respective to robust control design problem. A nice review and basic characteristics of LMI and BMI in various control problems can be found in (Van Antwerp & Braatz, 2000) . To reduce the problem size in decentralized control design for large scale systems, the diagonal dominance or block diagonal dominance concept can be adopted. Recently, the so called Equivalent Subsystems Method has been developed for decentralized control in frequency domain, ). The main concept of the Equivalent Subsystems Method, originally developed as a Nyquist based frequency domain decentralized controller design technique, is the so called equivalent subsystem; equivalent subsystems are generated by shaping Nyquist plot of each decoupled subsystem using any selected characteristic locus of the matrix of interactions. The point of this approach consists in that local controllers of equivalent subsystems can be independently tuned for stability and required performance specified in terms of a suitable (preferably frequency domain) performance measure (e.g. degree of stability, phase margin, bandwidth), so that the resulting decentralized controller guarantees equivalent performance of the full system. When designing decentralized control, besides robust stability, performance requirements have to be considered. Performance objectives can be of two basic types: a) achieving required performance in different subsystems; or b) achieving plant-wide desired performance. In this chapter two alternative approaches belonging to the latter group are presented, based on recent research results on robust decentralized PID controller design in the frequency and time domains. The present chapter further extends the robust decentralized PID controller design techniques from Rosinová & Veselý, 2007; , bringing novel robust control design approaches. The results are illustrated on the case study dealing with robust decentralized controller design for the quadruple tank process. This laboratory process recently presented in (Johansson, 2000; Johansson et al., 1999) is an illustrative two input -two output laboratory plant for studying multivariable dynamic systems for both minimum and nonminimum-phase configurations. The first presented approach is based on formulation and solution of BMI or LMI for uncertain linear polytopic system to design robust controller in the state space. In the time domain, we introduce the augmented model for closed-loop linear uncertain system with PID controller; this model is in general form, comprising both continuous-and discrete-time cases. For both cases, a general robust stability condition is formulated; the particular design procedures differ only in parameterization of augmented model matrices. A decentralized control design strategy is adopted, where robust PID control design approach is applied for structured -block diagonal controller matrices respective to decentralized controller. The second approach is based on the Nyquist-type decentralized control design technique for uncertain MIMO systems described by a transfer function matrix. The decentralized controller is designed on subsystem level using the recently developed Equivalent Subsystem Method . Application of this method in the design for robust stability and nominal performance can be found e.g. in ) within a two-stage design scheme: 1. design of decentralized controller for nominal performance; 2. controller redesign with modified performance requirements to meet the robust stability conditions. A direct "one-shot" robust DC design methodology based on integration of robust stability conditions in the Equivalent Subsystems Method enables to design local controllers of equivalent subsystems with regard to robust stability of the full system. The frequency domain approach is applicable for both continuous-and discretetime PID controller designs.
Motivation: Case study -Quadruple tank process
This section aims at description, and analysis of two input -two output process from literature, which will be later used to demonstrate our proposed methods for decentralized PID controller design. The quadruple-tank process shown in Fig.1 has been introduced in (Johansson et al., 1999; Johansson, 2000) to provide a case study to analyze both minimum and nonminimum phase MIMO systems on the same plant. The aim is to control the level in the lower two tanks using two pumps. The inputs 1  and 2  are pump 1 and 2 flows respectively, the controlled outputs y 1 and y 2 are levels in lower tanks 1 and 2 respectively. The nonlinear model of the four tanks can be described by state equations 
The argument t has been omitted; the state variables corresponding to levels in tanks 2 and 3 have been interchanged in state vector so that subsystems respective to input u 1 from pump 1 (tanks 1 and 3) and u 2 from pump 2 (tanks 2 and 4) are more apparent. This decomposition into two subsystems is used for decentralized control design. pumps. To achieve this aim, the decentralized control structure is employed, with two control loops respective to output values y 1 and y 2 . Decentralized control design consists of several steps, the crucial ones for controller design are -choice of appropriate pairing of inputs to outputs; -structural stability test respective to chosen pairing; -robust decentralized controller design. We consider the standard approach for the former two steps presented below; in Sections 3 and 4 we concentrate on the last step -robust decentralized control design.
Pairing and structural stability
Frequently used index to assess input-output pairing is the Relative Gain Array (RGA) index, see e.g. (Ogunnaike & Ray, 1994) , (Skogestad & Postletwhaite, 2009) 
where G(s) is a square transfer function matrix of the linearized system. Individual subsystems are then specified by the chosen pairing and their transfer functions are placed in the diagonal of the transfer function matrix. To check structural stabilizability using the chosen control configuration, the Niederlinski index is applied:
If 0 NI  , the system cannot be stabilized using the chosen pairing and the pairing must be modified. In our case study, the steady state RGA(0) is considered to choose appropriate pairing with the respective RGA elements positive and closest possible to 1. 
 
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Quadruple tank process -uncertainty domain
For quadruple tank system (1), we consider the uncertainty to be a change of valve position, i.e. change of 1  and 2  , uncertainty domain is specified by three working points.
In minimum phase region: In nonminimum phase region:
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Robust decentralized PID controller design in the time domain
In this section, robust decentralized controller in time domain is designed based on robust stability conditions formulated and solved as linear (or bilinear) matrix inequalities. To include performance evaluation, the quadratic performance index is used. Decentralized robust control problem is formulated in general framework for augmented system, including the model of controlled system as well as controller dynamics. The robust stability conditions from literature are recalled, using D-stability concept which enables unified formulation for continuous-time and discrete-time cases. Our modification of these results includes derivative term of PID controller as well as a term for guaranteed cost. Thus, the decentralized control design procedure is presented in the general form comprising both continuous and discrete-time system models. Notation: for a symmetric square matrix X, X > 0 denotes positive definiteness; * in matrices denotes the respective transposed term to make the matrix symmetric, 0 in matrices denotes zero block of the corresponding dimensions, I n denotes identity matrix of dimensions nxn; dimension index is often omitted, when the dimension is clear from the context. Argument t denotes either continuous time for continuous-time, or sampled time for discrete-time system models; we intentionally use the same symbol t for both cases to underline that the formulation of developed results is general, applicable for both cases.
3.1 Preliminaries and problem formulation 3.1.1 Decentralized control of uncertain system, guaranteed cost control Consider a linearized model of interconnected system, where subsystems with polytopic uncertainty are assumed, described by 
The whole interconnected system model in the compact form is
uncertain system matrix
() , 1 , 0 
holds for the closed loop system (9). Then the respective control () ut is called the guaranteed cost control and the value 0 J is the guaranteed cost.
Decentralized Control Problem
The control design aim is to find decentralized control law (( ) )
i.e. the overall system is controlled using local control loops for subsystems, such that uncertain dynamic system (11) is robustly stable in uncertainty domain (12) the system states in model (11) correspond to the deviations from working point (these assumptions correspond to step change of reference value). Then the control law (15) can be rewritten as
Integral term can be included into the state vector in the common way defining the auxiliary
and PID controller algorithm is
Then the closed-loop system (11) with PID controller (17) can be described by augmented model
where
argument t is omitted for brevity. A discrete-time PID (often denoted as PSD) controller is described by control algorithm
where ( 
State space description of PID controller can be derived in the following way. 
we obtain the respective description of the discrete-time PID controller in state space as
where z(t) is controller dynamics state vector, (11) with PID controller is
where 22 0 , 0
Analogically as in continuous time case, the augmented system (23) can be rewritten in a compact form as
Summarizing the augmented closed loop system models (18), (19) and (24), (25) for continuous and discrete-time PID controllers respectively, we can finally, using denotation () xt  , introduced in (9), rewrite both of them in general form
for a continuous PID:
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for a discrete-time PID:
PID controller parameters are:
In a decentralized PID controller design, controller gain matrices are restricted to block diagonal structure respective to subsystem dimensions. The presented general closed loop augmented system polytopic model (26) is advantageously used in next developments. 
Robust stability
Linear system is D-stable if and only if all its poles lie in the D-domain.
(For simplicity, we use in Def. 3.1 scalar values of parameters r ij , in general, the stability domain can be defined using matrix values of parameters r ij with the respective dimensions.) The standard choice of r ij is r 11 = 0, r 12 = 1, r 22 = 0 for a continuous-time system; r 11 = -1, r 12 = 0, r 22 = 1 for a discrete-time system, corresponding to open left half plane and unit circle respectively. The D-stability concept enables to formulate robust stability condition for uncertain polytopic system in general way, (deOliveira et al., 1999; Peaucelle et al., 2000 
PDLF given by (32), (33) enables to transform robust stability condition (31) for uncertain linear polytopic system (9), (10) into the set of N Linear Matrix Inequalities (LMIs). Several respective sufficient robust stability conditions have been developed in the literature, e.g. (deOliveira et al., 1999; Peaucelle et al., 2000; Henrion et al., 2002) . Recall the sufficient robust D-stability condition proposed in (Peaucelle et al., 2000) , which to the authors best knowledge belongs to the least conservative (Grman et al., 2005) .
Lemma 3.1
If there exist matrices , nxn nxn HR GR  and K symmetric positive definite matrices nxn k PR  such that for all k = 1,…, K:
then uncertain system (30) is robustly D-stable in uncertainty domain (12). Note that matrices H and G are not restricted to any special form; they were included to relax the conservatism of the sufficient condition. Robust stability condition for more general dynamic system model (26), including also the term for guaranteed cost will be presented in the next section.
Robust decentralized PID controller design
In this section, the robust decentralized PID controller is designed, based on robust stability condition developed in our recent papers, (Rosinová & Veselý, 2007; Veselý & Rosinová, 2011) . Robust stability condition with guaranteed cost for closed loop uncertain system (26) is provided in the next theorem. 
then the system (26) is robustly D-stable with guaranteed cost:
Proof. The proof is analogical to the one presented in (Rosinová & Veselý, 2007) 
where the term
to consider the guaranteed cost.
To prove Theorem 3.1, it is sufficient to prove that (35) Robust stability condition (38) is LMI for stability analysis, for controller synthesis it is in the BMI form. Therefore, (38) can be used for robust controller design either directly -using appropriate BMI solver (Henrion et al., 2005) or using some convexifying approach, (for discrete-time case see e.g. (Crusius & Trofino, 1999; deOliveira et al., 1999) ). We have relatively good experience with the following simple convexified LMI procedure for static output feedback discrete-time controller design, which is directly applicable for discretetime PID controller design problem formulated by (26), (27b), (28b). The controller gain block diagonal matrix F is obtained by solving LMIs (39) for unknown matrices F, M, G and P k of appropriate dimensions, the P k being block diagonal symmetric, and M, G block diagonal with block dimensions conforming to subsystem dimensions. This convexifying approach does not allow including a term corresponding to performance index, therefore the resulting control guarantees only robust stability within considered uncertainty domain. To conclude this section we summarize the described decentralized PID controller design procedure, assuming that the state space model is in the form of (9) with polytopic uncertainty domain given by (10), where columns of control input matrix B are arranged respectively to chosen pairing.
0,
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Design procedure for decentralized PID design in time domain
Step 1. Formulate the augmented state space model (26) for given system and chosen type of PID controller.
Step 2. Compute decentralized PID controller parameters using one of design alternatives:  LMI alternative for discrete-time case -guarantees robust stability: solve LMI (39) for unknown block diagonal matrices F, M, G and P k >0, of appropriate dimensions; PID controller parameters are given by F respectively to (28b).  BMI alternative -guarantees robust stability and guaranteed cost for quadratic performance index (13): solve BMI (38) for unknown block diagonal matrices F, P k >0 and matrices G, H, of appropriate dimensions, PID controller parameters are given by F and dk M respectively to (28) and (27), dk M is for PID controller given by (27).
Decentralized PID controller design for the Quadruple tank process
We consider quadruple tank linearized model (2) 
Minimum phase configuration
In the minimum phase case, robust decentralized controller is designed for chosen pairing Fig. 3. Step response of y 1 and y 2 to setpoint step changes: w 1 in 400s and w 2 in 800s; comparison of LMI and BMI design results from Tab.1 Obviously, the results for the BMI solution including performance index outperform the ones obtained using simpler LMI approach.
Nonminimum phase configuration
In the nonminimum phase case, robust decentralized controller is designed for chosen pairing Step response of y 1 and y 2 to setpoint step changes: w 1 (for y 2 ) in 1000s and w 2 (for y 1 ) in 2000s
Comparison of simulation results for minimum and nonminimum phase cases shows the deteriorating influence of nonminimum phase on settling time.
Robust decentralized PID controller design in the frequency domain
This section deals with an original frequency domain robust decentralized controller design methodology applicable for uncertain systems described by a set of transfer function matrices. The design methodology is based on the Equivalent Subsystems Method (ESM) -a frequency domain decentralized controller design technique to guarantee stability and specified performance of multivariable systems and is applicable for both continuous-and discrete-time controller designs . In contrast to the two stage robust decentralized controller design method based on the M-structure stability conditions ), the recent innovation (Kozáková et al., 2011) consists in that robust stability conditions are directly integrated into the ESM, thus providing a one-step (direct) robust decentralized controller design for robust stability and plant-wide performance.
Preliminaries and problem formulation
Consider a MIMO system described by a transfer function matrix () 
Theorem 4.1 (Generalized Nyquist Stability Theorem)
The closed-loop system in Fig. 1  generated by the two considered uncertainty forms are:
Additive uncertainty:
Multiplicative output uncertainty:
Standard feedback configuration with uncertain plant modelled using any unstructured uncertainty form can be recast into the M   structure (for additive perturbation see According to the general robust stability condition (Skogestad & Postlethwaite, 2009) 
Problem formulation
Consider an uncertain system that consists of m subsystems and is given as a set of N transfer function matrices obtained in N working points of plant operation. Let the uncertain system be described by a nominal model 0 () Gs and any unstructured uncertainty form (46), (47). Consider the following splitting of 0 () Gs:
Gs d i a g Gs Gs
is to be designed to guarantee stability over the whole operating range of the plant specified by (46) or (47) (robust stability) and a specified plant-wide performance (nominal performance).
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To solve this problem, a frequency domain robust decentralized controller design technique has been developed Kozáková et. al., 2011) ; the core of it is the Equivalent Subsystems Method (ESM).
Decentralized controller design for performance: Equivalent Subsystems Method
The Equivalent Subsystems Method (ESM) is a Nyquist-based technique to design decentralized controller for stability and specified plant-wide performance. According to it, local controllers () , 1 , . . . , If local controllers are independently tuned for specified degree-of-stability of equivalent subsystems, the resulting decentralized controller guarantees the same degree-of-stability plant-wide . Unlike standard robust approaches, the proposed technique considers full nominal model of mean parameter values, thus reducing conservatism of resulting robust stability conditions. In the context of robust decentralized controller design, the Equivalent Subsystems Method is directly applicable to design DC for the nominal model (Fig. 3) . 
Denote the sum of the diagonal matrices in (55) as
where ( then by similarity with (41) the bracketed term in (55) defines the k-th of the m degree-of-stability plant-wide. To design local controllers of equivalent subsystems, the general conditions in Corollary 4.1 allow using any frequency domain performance measure that can appropriately be interpreted for the full system. In the next subsection, the plant wide performance is specified in terms of maximum overshoot which is closely related to phase margins of equivalent subsystems.
Decentralized controller design for guaranteed maximum overshoot and specified settling time
The ESM can be applied to design decentralized controller to guarantee specified maximum overshoot of output variables of the multivariable system. The design procedure evolves from the known relationship between the phase margin (PM) and the maximum peak of the complementary sensitivity (Skogestad & Postlethwaite, 2009) 
is the maximum peak of the complementary sensitivity T(s) defined as
Relation between the maximum overshoot max  and M T is given by (Bucz et al., 2010) 
In general, a larger bandwidth corresponds to a smaller rise time, since high frequency signals are more easily passed on to the outputs. If the bandwidth is small, the time response will generally be slow and the system will usually be more robust.
Design procedure:
1. Generating frequency responses of equivalent subsystems. 2. Specification of performance requirements in terms of max  , t s and M T using (66), (67).
3. Specification of a minimum phase margin PM for equivalent subsystems using (63). 4. Local controller design for specified PM in equivalent subsystems using appropriate frequency domain method. 5. Verification of achieved performance by evaluating frequency domain performance measure and via simulation.
Decentralized controller design for robust stability using the Equivalent Subsystems Method
In the context of robust control approach, the ESM method in its original version is inherently appropriate to design decentralized controller guaranteeing stability and specified performance of the nominal model (nominal stability, nominal performance). If, in addition, the decentralized controller has to guarantee closed-loop stability over the whole operating range of the plant specified by the chosen uncertainty description (robust stability), the ESM can be used either within a two-stage design procedure or a direct design procedure for robust stability and nominal performance. 1. Two stage robust decentralized controller design for robust stability and nominal performance In the first stage, the decentralized controller for the nominal system is designed using ESM, afterwards, fulfilment of the M-stability condition (48) is examined; if satisfied, the design procedure stops, otherwise in the second stage the controller parameters are modified to satisfy robust stability conditions in the tightest possible way, or local controllers are redesigned using modified performance requirements ). 2. Direct decentralized controller design for robust stability and nominal performance By direct integration of robust stability condition (48) in the ESM, a "one-shot" design of local controllers for both nominal performance and robust stability can be carried out. In case of decentralized controller design for guaranteed maximum overshoot and specified settling time, the upper bound for the maximum peak of the nominal complementary sensitivity over the given frequency range
can be obtained using the singular value properties in manipulations of the M-condition (48) considering (49) or (50). The following bounds for the nominal complementary sensitivity have been derived:
Expressions on the r.h.s. of (69) and (70) 
is used in the Design procedure, the resulting decentralized controller will simultaneously guarantee achieving the required maximum overshoot of all output variables (nominal performance) and stability over the whole operating range of the plant specified by selected working points (robust stability).
Discrete-time robust decentralized controller design using the Equivalent Subsystems Method
Controllers for continuous-time plants are mostly implemented as discrete-time controllers.
A common approach to discrete-time controller design is the continuous controller redesign i.e. conversion of the already designed continuous controller into its discrete counterpart. This approach, however, is only an approximate scheme; performance under these controllers deteriorates with increasing sampling period. This drawback may be improved by modifying the continuous controller design before it is discretized which can often allow significantly larger sampling periods (Lewis, 1992) . Then, the ESM design methodology can be applied in a similar way as in the continuous-time case using discrete characteristic loci, discrete Nyquist plots and discrete Bode diagrams of equivalent subsystems. (Skogestad & Postlethwaite, 2009) . Similarly, a discretized version of robust stability conditions (69), (70) based on (46) and (47) is applied.
Design of continuous controllers for discretization
The crucial step for the discrete controller design is proper choice of the sampling time T. Then, frequency response of the discretized system matches the one of the continuous time system up to a certain frequency /2 S  
, and the discrete controller can be obtained by converting the continuous-time controller designed from the discrete frequency responses to its discrete-time counterpart.
The sampling period T is to be selected according to the Shannon-Kotelnikov sampling theorem, or using common rules of thumb, e.g. as ~ 1/10 of the settling time of the plant step response, or from control system bandwidth according to the relation 
where  s is sampling frequency, and  0 is control system bandwidth, i.e. the maximum frequency at which the system output still tracks and input sinusoid in a satisfactory manner (Lian et al., 2002) . A proper choice of sampling period is crucial for achievable bandwidth and feasibility of the required phase margin. Given a discrete-time transfer function () Gz , the frequency response can be studied by plotting Nyquist or Bode plots of
. The discrete-time robust controller design for maximum overshoot and settling time is described in the next Section.
Decentralized discrete-time PID Controller design for the Quadruple tank process
In the frequency domain, the direct robust decentralized PID design procedure has been applied for the transfer function matrix (3) identified in three working points within the minimum and nonminimum phase regions (7) and (8), respectively. In both cases the nominal model is a mean value parameter model.
Minimum phase configuration
From three plant models (3) evaluated in working points taken from the minimum phase uncertainty region as specified in (7) 
All three transfer function matrices were discretized using the sampling period 30 Relevant parameters read form discrete Bode plots of uncompensated equivalent subsystems in Fig. 10 Table 3 . Relevant parameters of equivalent subsystems generated by g 2 (z)
For both equivalent subsystems the required settling time and maximum overshoot were chosen with respect to plant dynamics: 600 , 1.05
Related values of other design parameters obtained from (63) and (67) 
Design results in Tab. 4 along with Bode plots of compensated equivalent subsystems in Fig.11 prove achieving required design parameters. Closed-loop step responses are in Fig. 12 . Nominal closed-loop step responses of the quadruple tank process (reference steps 0.1m occurred at t=0s at the input of the 1 st subsystem, and at t=300s and t=10s, respectively, at the input of the 2 nd subsystem). Maximum overshoot and settling time (600s) were kept in both cases.
Nominal closed-loop stability was verified both by calculating closed-loop poles and using the Generalized Nyquist encirclement criterion (Fig. 13) . (70) is examined in Fig. 15 . The closed-loop system is stable over the whole minimum phase region (7).
Non-minimum phase configuration
To design robust decentralized PI controller for the non-minimum phase configuration, the continuous-time nominal model was evaluated for 12 ,   evaluated according to (69) and (70) are in Fig. 16 . Fig. 19 . Nominal closed-loop step responses of the quadruple tank system in non-minimum phase configuration (reference steps 0.1m occurred at t=0s at the input of the 1 st subsystem, and at t=300s and t=10s, respectively, at the input of the 2 nd subsystem). Maximum overshoot and settling time (600s) were kept in both cases. (70) is examined in Fig. 21 . The closed-loop system is stable over the whole non-minimum phase region (8). 
Conclusion
The robust decentralized PID controller design procedures have been developed both in frequency and time domains. The proposed controller design schemes are based on different principles, with the same control aim: to achieve robust stability and specified performance. The comparative study of both approaches is presented on robust decentralized discrete-time PID controller design for quadruple-tank process model, for minimum and nonminimum phase configurations. Both proposed approaches provide promising results verified by simulation on nonlinear process model.
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